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INTRODUCTION FRAMEWORK

LONGEST INCREASING /NON-DECREASING RUN

Let (X,),>, be a sequence of i.i.d. r.v.s with the common distribution G.

INCREASING RUN
A subsequence (X, ..., Xki/—1) forms an increasing run of length | > 1, starting
at position k > 1, if

X1 > X < Xk+1 < e < Xk+/_1 > Xk+/

NON-DECREASING RUN
A subsequence (Xk, ..., Xki+/—1) forms an non-decreasing run of length | > 1,
starting at position k > 1, if

Xi—1 > Xie < Xpyr < -0 < Xiegr—1 > Xieq

v
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INTRODUCTION FRAMEWORK

LONGEST INCREASING /NON-DECREASING RUN

NOTATIONS
° M’T1 = the length of the longest increasing run among the first Ty r.v.'s
M'T1 =max{/| Xk < -+ < Xypj—1 forsome k, 1 < k< T; —1+1}
o MP = the length of the longest non-decreasing run among the first Ty r.v.’s

M%D:max{Hngu-ngH,l for some k, 1 < k< Ty — [+ 1}

ExawmpLe (T, = 10)
X;: 13524713338

IR:' 13524713338

NDR: 1 35 2 471338
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Objective and related work ]

; ’ POLYTECH

A. AmArioarer (INRIA) LONGEST MONOTONE RUN SPSR 2015 8 / 30



INTRODUCTION PROBLEM

PROBLEM

GOAL

Find a good estimate for the distribution of the longest increasing or
non-decreasing run in the sequence (X,),~; of i.i.d. r.v.’s

P(Mf, <k) and P(MFP < k)

The asymptotic distribution was studied

@ G continuous distribution: [Pittel, 1981], [Révész, 1983], [Grill, 1987],
[Novak, 1992]

P (M, = M¥P) =1

@ G discrete distribution:

o IR: geometric [Grabner et al., 2003], [Louchard and Prodinger, 2003]

o NDR: geometric [Csaki and Foldes, 1996], [Eryilmaz, 2006]

o NDR: Poisson [Csaki and Foldes, 1996]

o NDR: uniform [Louchard, 2005] Drzwrreen
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METHODOLOGY ONE DIMENSIONAL DISCRETE SCAN STATISTICS
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One dimensional discrete scan
statistics
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METHODOLOGY ONE DIMENSIONAL DISCRETE SCAN STATISTICS

INTRODUCING THE MODEL

Let 1 < my < T; be positive integers, X;, Xo, ..., X7, a sequence of i.i.d. r

and S : R™ — R a measurable real valued function.
Then, the one dimensional discrete scan statistics is defined as

S(mla T17 S) = lgilgr%ai(ml-i—l S( 117Xf1—|—17 oco aXi1+m1—1)-
REMARK
If, in particular, we consider S(x1,...,Xm,) = X1 + -+ + Xm, then
i1+mg—1
Smi(T1) = S(my, T1,8) = max X
i=iy

is the classical one dimensional discrete scan statistics ([Glaz et al., 2001]).

v.'s.

EXAMPLE (T3 =26, my =6, X; ~B(p), Yy, =Xy + -+ Xiyamg—1, 1 < i <21)

A. AmArioarer (INRIA) LONGEST MONOTONE RUN SPSR 2015
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METHODOLOGY ONE DIMENSIONAL DISCRETE SCAN STATISTICS

RELATED STATISTICS: CLASSICAL MODEL

Let Xi,..., X7, be a sequence of i.i.d. 0 — 1 Bernoulli of parameter p

o Wp, « - the waiting time until we first observe at least k successes in a
window of size my

P (Wb < T1) = P(Smy(T2) = K)
@ D, (k) - the length of the smallest window that contains at least k
successes
B (Dr, (k) < my) = P(Smy(T1) > k)
@ Ly, - the length of the longest success run
P(Ly, 2 my) =P (Smy(T1) 2 m1) =P (Sm, (T1) = m)

DISTRIBUTION Thlﬁ
RUNS ax0 PATT

AND TS
APPLICATIONS

: ’puuvzcw
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MeTHODOLOGY | LoNcGeEsT IR / NDR AND SCAN STATISTICS
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MeTHODOLOGY | LoNcGeEsT IR / NDR AND SCAN STATISTICS

RELATION: IR / NDR - SCAN STATISTICS

Let 1 < my < Ty be positive integers and Xy, ..., X7, a sequence of i.i.d. r.v.'s.

Define 81,8, : R™ — R by

m1—1 m1—
Sl(xly"'yxml) = Z 1{x,-<x,-+1}7 82(X13"'7Xm1 Z 1{x,<x,+1}
i=1
EXAMPLE (X; ~U(0,1), X; = 1ix,<x;,,}, T1 = 10)

X;:079 031 052 016 060 026 065 068 074 045

X
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Let 1 < my < Ty be positive integers and Xy, ..., X7, a sequence of i.i.d. r.v.'s.

Define 81,8, : R™ — R by

m1—1 m1—1
Sl(xl7"'7xm1) = Z 1{X,'<X,'+1}7 82(X17"'3Xm1) = Z l{x,-gx,-“}
=1 i=1

EXAMPLE (X; ~ U(0,1), X; = L{x,<x;,,},» T1 = 10)
X;:079 031 052 016 060 0.26 68 0.74 0.45

0.65 0. 0.
VY VIRV VIRV VNG VAR VNG VIV I I
X: o0 1 0 1 0 1 1 1 0

; ’ POLYTECH

A. AmArioarer (INRIA) LONGEST MONOTONE RUN SPSR 2015 16 / 30



MeTHODOLOGY | LoNcGeEsT IR / NDR AND SCAN STATISTICS

RELATION: IR / NDR - SCAN STATISTICS

Let 1 < my < Ty be positive integers and Xy, ..., X7, a sequence of i.i.d. r.v.'s.

Define 81,8, : R™ — R by

m1—1 m1—1
Sl(xl7"'7xm1) = Z 1{X,'<X,'+1}7 82(X17"'3Xm1) = Z l{x,-gx,-“}
=1 i=1

EXAMPLE (X; ~ U(0,1), X; = L{x,<x;,,},» T1 = 10)
X;:079 031 052 016 060 0.26 68 0.74 0.45

0.65 0. 0.
VI VIRV VIRV VNG VAR VNG VIV I I
X: o0 1 0 1 0 1 1 1 0

; ’ POLYTECH

A. AmArioarer (INRIA) LONGEST MONOTONE RUN SPSR 2015 16 / 30



MeTHODOLOGY | LoNcGeEsT IR / NDR AND SCAN STATISTICS

RELATION: IR / NDR - SCAN STATISTICS

Let 1 < my < T; be positive integers and Xi, ..., X7, a sequence of i.i.d. r.v.'s.
Define 81,8, : R™ — R by
m1—1 m1—1
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=1 i=1
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We have, for k >1

P (MY, <k)=P(Lr,—1 < k) =P(S(k+ 1, T1,S1) < k),

P(ME < K) =Pl s <K =PSUHLTLS) <0
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Scan statistics and 1-dependent
sequences
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METHODOLOGY APPROXIMATIONS FOR SCAN STATISTICS

S(my, T1,S8) VIEWED AS MAXIMUM OF 1-DEPENDENT R.V.’S

Let L; = m1Tl_1v be a positive integer

o Define for each ky € {1,2,...,L; — 1} the random variables

Zk1 S(Xi17"'7Xl'1+m1—1)

= max
(ka—1)(my—1)+1<iy <kg (m1—1)

© (Zk, )i, is 1-dependent (i.e. o ({Z1,...,2Zn}) L o ({Zhs2,...}), Vh > 1)
and stationary

b
® Observe S(ml, Tl,S) = max Zk1
1<k <L,-1

ILLUSTRATION OF 1-DEPENDENCE

X17X27 cee 7Xm1—17Xm17~ . '7X2(m1—1)aX2m1—17 .. 7X3(m1—1)ax3m1—2> .. 7X4(m1—1)
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METHODOLOGY APPROXIMATIONS FOR SCAN STATISTICS

EXTREMES OF 1-DEPENDENT STATIONARY SEQUENCES

Let (Z,),>, be a 1-dependent stationary sequence of r.v.’s.

NOTATION
For x < sup{u|P(Z1 < u) <1},
dn = Qn(X) = ]P’(max(Zl, RN Zn) < x)

THEOREM [AMARIOAREIL, 2012]
For x such that P(Z; > x) =1 — g1 < 0.1 and n > 3 we have

2q1 — @ 2
- =1 < nF(qy,n)(1—
[1 +q1— o _|_2(q1 _ q2)2] (ql )( ql)

qn

° F(q17"):1+%+[K(1—q1)+M} (1—aq).

A. AmArioarer (INRIA) LONGEST MONOTONE RUN SPSR 2015 20 / 30



APPROXIMATIONS FOR SCAN STATISTICS

METHODOLOGY

APPROXIMATION AND ERROR BOUNDS

THEOREM [AMARIOAREI, 2014]

Let t; € {2,3} and Qi = =P S (Xigser s Xiysmg—1) <7 -
®th € (2,3} and Qu = Qu(7) <1s:’1§(:Tfi()(mrl) (X em1) T)

If Qtl is an estimate of Q¢ with ’Qq — Qn’ < B¢, and 7 is such that 1 — Qz(r) < 0.1 then

2 A A ~ A o o117l
P(S(my, T1,8) <)~ (2@~ Q3) [1+ Q2 — Qs +2(Q2 — @s)?] ‘ < Erotal(1),

Etotai(1) = (L1 — 1) [52 + B3+ F ((Ai)z7 Ly — 1) (1 — 0+ 52)2} .

v
T
X1 Xy -1 Xong - Xogmy —1) Xomy =1 Xaomy—1) X1y
ey | |
j
I I I
I I I
I
‘ |
Q2 |
I
fp———2(my — 1) ———— !
i Qs
Y6<—3(W741 - 1)—»’ oi?}vrnu'

SPSR 2015 21 / 30
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STUDY Novak’s RESULT

OUTLINE

© COMPARISON STUDY
o Novak's result
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Another approach
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COMPARISON STUDY Novak’s RESULT

NOVAK’S RESULT
Let ()?,,) . be a 1 - dependent stationary sequence of r.v.'s with X, € {0,1},

s(k):P()"(lz.-.:)"(k:1),
r(k) = s(k+1) — s(k),
and let Ly, be the length of the longest success run among the first T trials

L,

1

:max{l|)~(k:~-~:)~(k+/_1 for some k, 1 < k < Ty —[+1}

THEOREM (|Novak, 1992])
If there exists positive constants t, C < oo such that
s(k+1) 1
-t >— forall k>C,
sty T ckt TS
then, as T; — oo
log(T1))?
max_|P(Ly, < k) — eT"(k)’ =0 <—( 0g(T1)) )
1<k<T; T

where d = max{t,1}.

A. AmArioarer (INRIA) LONGEST MONOTONE RUN SPSR 2015 24 / 30



COMPARISON STUDY NUMERICAL EXAMPLES

OUTLINE

© COMPARISON STUDY

o Numerical examples
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NUMERICAL EXAMPLES
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MPARISON STUDY NUMERICAL EXAMPLES

LONGEST INCREASING RUN: G = U ([0, 1])

Let Xi,..., X7, be a sequence of i.i.d. r.v."s with the common distribution G =/ ([0,1]) and
X = 1ix;<x;,,}- In the view of [Novak, 1992] result we have

s(k)= @t (k) =gy €=2, t=1, d=1

and since P (M!,.1 < k) =P(L1,_1 < k) =P(S(k+1,T1,51) < k),

—(Ta—1) L In T

max_ |P (M!,- < k) R =) 0 !

1<k<T; o T1
k Sim AppH Eyopal (1) LimApp

5 0.00000700 0.00000733 0.14860299 0.00000676
6 0.17567262 0.17937645 0.01089628 0.17620431
7 0.80257424 0.80362353 0.00110990 0.80215088
8 0.97548510 0.97566460 0.00011579 0.97550345
9 0.99749821 0.99751049 0.00001114 0.99749792
10 0.99977074 0.99977183 0.00000098 0.99977038
11 0.99998075 0.99998083 0.00000008 0.99998073
12 0.99999851 0.99999851 0.00000001 0.99999851
13 0.99999989 0.99999989 0.00000000 0.99999989
14 0.99999999 0.99999999 0.00000000 0.99999999
15 1.00000000 1.00000000 0.00000000 1.00000000

; ’PDLVYECH‘

We used Ty = 10001 and /ter = 105.
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LONGEST INCREASING RUN: G = U ([0, 1])

Let Xi,..., X7, be a sequence of i.i.d. r.v."s with the common distribution G =/ ([0,1]) and
X = 1ix;<x;,,}- In the view of [Novak, 1992] result we have

s(k)= @t (k) =gy €=2, t=1, d=1

and since P (M!,.1 < k) =P(L1,_1 < k) =P(S(k+1,T1,51) < k),
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; ’PDLVYECH‘

We used Ty = 10001 and /ter = 105.
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LONGEST NON-DECREASING RUN: G = Geom(p)

Let Xi,..., X7, be a sequence of i.i.d. r.v.'s with the common distribution G = Geom(p) and
Xi = 1ix;<x;,4}- In the view of [Novak, 1992] result we have ([Eryilmaz, 2006])
k+1 (17P)Pk+1

k)= 77— L k) = , C=2, t=1, d=1

[1-@-»] [I[-a-o'][1-a-p*?]

=1

x~
I

-~
I|

1

-~

and since P (M!,‘.’ID < k) =P(L1y—1 < k) =P(S(k+1, T1,82) < k),

e, [P (AP <) — o) o (T2

k Sim AppH E,oeal (1) LimApp

6 0.00910000 0.00881996 0.04299442 0.00955270
7 0.41785119 0.43020013 0.00530043 0.43655368
8 0.86812059 0.86944409 0.00077029 0.87208008
9 0.97847345 0.97856327 0.00011366 0.97901482
10 0.99681593 0.99681619 0.00001621 0.99689102
11 0.99955034 0.99955248 0.00000222 0.99956349
12 0.99993975 0.99993967 0.00000029 0.99994116
13 0.99999211 0.99999214 0.00000004 0.99999234
14 0.99999900 0.99999900 0.00000000 0.99999903
15 0.99999988 0.99999988 0.00000000 0.99999988

: ’puuvzcw

We used T1 = 10001, p = 0.1 and /ter = 10°.
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COMPARISON STUDY NUMERICAL EXAMPLES

LONGEST INCREASING RUN: G = Geom(p)
Let Xi,..., X7, be a sequence of i.i.d. r.v.'s with the common distribution G = Geom(p) and

Xi = 1(x;<x;,,}- The result of [Novak, 1992] cannot be applied since

s(k) = pk+1 a- p)i(k+1)2(k+2) | stkrn) pa—p)kt?

I=1

For this case, [Louchard and Prodinger, 2003] showed that

P (M%—1 < k) ~ exp (— expn),

k(k +1) 1 1
n=-————log——— +klog — — log Ty — log p + log D(k),
2 1—p P
k l k+2
bW =TI[1-a-p"][t-a-p?

I=1

>

Sim AppH Eyoeal (1) LimApp

0.56445934 0.56997462 0.00255592 0.56810748
0.95295406 0.95325180 0.00018554 0.95294598
0.99658057 0.99659071 0.00001214 0.99657969
0.99979460 0.99979550 0.00000068 0.99979435
0.99998950 0.99998950 0.00000003 0.99998947

-
S0~

; ’PDLVYECH‘

We used T1 = 10001, p = 0.1 and /ter = 10°.
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-
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; ’PDLVYECH‘
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COMPARISON STUDY NUMERICAL EXAMPLES

LONGEST NON-DECREASING RUN: G =U ({1,...,s})

Let X1,..., X7, be a sequence of i.i.d. r.v.'s with the common distribution G =1/ ({1,...,s})
and X; = 1ix;<x;,,3- By [Novak, 1992] result ([Louchard, 2005]) we have for k > s

)= (K2 (D s =+ n(g) ()P c=s =0, da=1

and since P (M!,‘.’ID < k) =P(L7,_1 < k) =P(S(k+1,T1,82) < k),

T (80 1) b o ()

x

Sim AppH E,ioral(1) LimApp

6 0.00011600 0.00009250 0.12199130 0.00012230
7 0.12501359 0.13542539 0.01560743 0.14301582
8 0.66274522 0.66691156 0.00260740 0.67447410
9 0.92424548 0.92504454 0.00046466 0.92720370
10 0.98565802 0.98582491 0.00008240 0.98623886
11 0.99748606 0.99747899 0.00001420 0.99756110
12 0.99956827 0.99957165 0.00000238 0.99958439
13 0.99992879 0.99992933 0.00000039 0.99993136
14 00.99998862 0.99998861 0.00000006 0.99998897

We used T; = 10001, s = 10 and Jter = 105. e
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AppPENDIX | VALUES FOR K(-) AND I(:)

Limiting behavior of a process of runs.

B Revész, P. (1983).
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AppPENDIX | VALUES FOR K(-) AND I(:)

SELECTED VALUES FOR K(:) AND [(+)

TABLE 1 : Selected values for K(-) and I'(+)

l—q1 K1l—q) T(l-q)

0.1 38.63 480.69
0.05 21.28 180.53
0.025 17.56 145.20
0.01 15.92 131.43
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