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Introduction What is the scan statistic?

An intuitive example

Observation of disease cases over a period of time
@ Number of years 5
@ Number of observed disease cases N = 19

Can you observe something unusual?
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@ The epidemiologist observe a 1 year period (April 09- April 10 ) with

8 cases: 42%!
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@ The epidemiologist observe a 1 year period (April 09- April 10 ) with

8 cases: 42%!

How unusual is to have during a 1 year period as much as 8 cases 7
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Introduction What is the scan statistic?

The answer

(1) First approach:

e X = number of cases falling in (April 09-April 10)
o X ~ Bin(19,0.2)

P(X > 8) = 0.023
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Conclusion: atypical situation !!!
However, this is not the answer to the question: the 1 year period is
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Introduction What is the scan statistic?

The answer

(1) First approach:

e X = number of cases falling in (April 09-April 10)
o X ~ Bin(19,0.2)

P(X > 8) = 0.023

Conclusion: atypical situation !!!
However, this is not the answer to the question: the 1 year period is
not fixed but identified after the scanning process!

(2) The scan statistic approach:
S = max number of cases over any continuous 1 year period in [0,T]
Thus the answer to the question is
P(S >8) =0.379

1 - H \\ uinicwrciu*
Conclusion: not unusual situation!!! [ Dl
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Introduction Framework and Model

Introducing the Model

Let Ty, To, T3 be positive integers
@ Rectangular region
R =0, Ta] x [0, T] x [0, T3]
° (X,-jk)1<,-<7-1 i.i.d. integer r.v.'s
T 1<<T,
1<k<T3

] o Bernoulli(B(1, p))
Xl_lk ° B;eno:wial(B(mZ))
T o Poisson(P()))

® Xijji number of observed events
| / in the elementary subregion
}\ rijk:[i_lai]x[j_laj]x[k_]'?k]
T [
2 \ /
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Introduction Framework and Model

Defining the Scan Statistic

Let my, mp, m3 be positive integers
® Definefor 1 << T;j—mj+1,

ii+m—1ih+my—1i3+m3—1

11 ipiz — Z Z Z lek
k=is

I—11 —f2

@ The three dimensional scan statistic,

T3
S = max Vh e
Gy, Y MMM T e g 12
L P by L ) 1
ms Egigi 5% 1<p<Tp—mp+1
ek » / 1<i3<T3—m3+1
50 x

T2 — @ Used for testing the null hypotheses

of randomness against the alternative
hypothesis of clusterin
yP & Qi
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Introduction Problem and Previous Work

Introducing the Problem

Problem

Approximate the distribution of three dimensional discrete scan statistic

IP) (Sml,m27m3 S n) *

@ No exact formulas

@ A Poisson approximation for the special case (n = mymyms, Bernoulli
model): Darling and Waterman (1986)

e For Bernoulli case: Glaz et al. (2010)

e Product type approximation
o Three Poisson approximations
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e\'\' Lille1

A. Amirioarei, C. Preda (INRIA) Approximation for 3D Scan Statistics SPSR 2012 10 / 42



Introduction Problem and Previous Work

An Animated lllustration of the Scan

OHFHNWROCOON®WO

Number of points: 0
KIKIQ > [=]se[+] @
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Description of the Method The Main Tools

Two Main Theorems

Let (Zx)k>1 be a strictly stationary 1-dependent sequence of r.v.’s and let
gm = gm(x) = P(max(Z1,...,Zm) < x), with x < sup{u|P(Z < u) < 1}.

Theorem (Haiman 1999)
For any x such that P(Z; > x) =1 — g1 < 0.025 and any integer m > 3,
6(q1 — 92)* + 493 — 3qa
14+q1— g2+ 93 — qa + 297 + 393 — 5q1q2)™

291 — q2 ’ — 2
m [L+q—q2+2(q1 — q2)3]" 2 1)

< Z1(]- - q1)37

qm_(

o Ay =561+ 88m[1+ 124m(1 — q1)3]
@ Ay =9+561(1—q1)+33m[1+47m(1 —q1)?].

v

(e
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Description of the Method The Main Tools

Improved Results

Main Theorem

ForxsuchthatIP’(Zl>x):1—q1§a<%andm>3wehave

6(q1 — g2)> + 493 — 3q4
+q1— g2+ g3 — qa + 297 + 395 — 5q1q2)™
- 2q1 — q2
L4+ q1— g2 +2(q1 — q2)2]"

S A1(]- - q1)37

Im ‘SAz(lch)Q,

o A1 = Aq(a, g1, m) = T(a) + mK(a) [1+3(1 — q1)?]
o Ao =Ax(a,q1,m)=94+T(a)(1—q1)+m[l+K(a)(l-q)

Advantages
@ Increased range of applicability
@ Sharp bounds values (ex. a = 0.025: 561 — 162 and 88 — 22) Q@i
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i Gy lit:
A Different Approach

Main Observation

The scan statistic r.v. can be viewed as a maximum of a sequence of
1-dependent stationary r.v..

@ The idea:

o discrete and continuous one dimensional scan statistic: Haiman
(2000,2007)

o discrete and continuous two dimensional scan statistic: Haiman and
Preda (2002,2006)
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The Key Idea

Description of the Method
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Description of the Method The Approximation
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© Description of the Method

@ The Approximation
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TG A=tz
First Step Approximation

We adopt a mixed version...

@ Define

olfl—gp<a < % the (first)
approximation

P(S <n)=~f(q, g3, L3 1)

where S = Sp m,,m; and
] _xtxeyl
D oy m) = ey izt

@ Approximation error

Ay(aq, o, Lz — 1)(1 — q2)?
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TG A=tz
Approximation for g, and g3

o For/e{1,2,..., L, —1} e For/e{1,2,..., L, —1}
7(2) _ Y. .. 73) _ Y. ..
: 1<h<(hol)mpr 2B ! 1<i<(hol)mpr B
(I—1)m2+1§12§lm2+1 (l—1)m2+1§12§1m2+1
1<iz<msz+1 1<i3<2ms3+1
o q»=P max 7% <n o g3=P max Z® <n
1<I<lp—1 | = 1<I<lp—1 ' =
@ Define 2 @ Define 3)
g2 = P(Z;” < n) g3 = P(Z;7 < n)
g2 = P(Z) < n, 2P < n) g3 = P(Z1 < n, ZY < n)
@ Approximation (1 — g2 < ap) @ Approximation (1 — g3 < ap)
92 ~ f(q22,g32, L2 — 1) 93 ~ f(g23, 33, L2 — 1)
o Ay(az,q2,Lr —1)(1 — g22)? o Ao(az,q03, Lo — 1)(1 — go3)?
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The Approximation

Description of the Method

lllustration of g;s Construction

(KT ] [=]be+]
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TG A=tz
Last Step (Approximating gys)

Applying the first part of the Main Theorem...
@ Fors,t €{2,3} and j € {1,2,...,L; — 1} define
Z(ts) _ \ A
J U—l)mlmaﬁ);1§fm1+1 2B

].Sl'zg(tfl)m2+1
1§i3§(5—1)m3+1

@ Observe

Gis = IP’( max 2\ < n)
1<j<l—-1 7

o Define for r € {2,3,4,5} and s,t € {2,3},
Gres = P (njr;ll{zj(ts) < n})

o If 1 — gos < a3 then the approximation and the error

Jts = h (q2t5, G3ts, Gats, Gstss L1 — 1) A1(0437 Q2ts, L1 — 1)(1 - q2ts)3

6(x—y)2+z+3|z—t| P
20—y +x—y[A—y) =]

A. Amirioarei, C. Preda (INRIA) Approximation for 3D Scan Statistics SPSR 2012 22 / 42
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The Approximation

Description of the Method

An lllustration of the Approximation Chain (g»)
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© Error Bound
@ The Approximation Error
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i Arpredeicn e
Approximation Error

Define for t,s € {2,3}

a3 = 1—gq3, a3 =1— @23, az33 =1 — qo33,
Vts = h(q2t5a G3ts, Qats, Gstss L1 — 1)
s - f(’y257 Y3s, L2 - 1)

The approximation error

Eapp = (L3 —1)ar(l —72)* + (Ls — 1)(La — 1) [ax(L — 722)*+
+ a3(1 — 723)%] + (L3 — 1)(Lo — 1)(L1 — 1) [as(1 — g222)*+
+as(1 — g203)° + a6(1 — g232)* + a7(1 — q233)°] .

where a;, j € {1,2,...,7}, are functions of a3, azs, 33 and Ly, Lo, L3.

Qi
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Error Bound The Simulation Error
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© Error Bound

@ The Simulation Error
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Error Bound The Simulation Error

Simulation Error for Approximation Formula

If ITER is the number of simulations, we can say, at 95% confidence level,

‘qrts * é\Irt5| S 1.96 %7 re {273a435}7 t,S € {2a3}

where Gy is the simulated value.
Define for t,s € {2,3},

é\Its = h(a2t57 é\I3ts> é\I4ts> é\ISts, Ll - 1)
4gs = f(a257 G3s, Lo — 1)

Bts = 51(a2ts> 63t57 (A74t5a (A?Stsa Ll - 1)
Bs - 52(672576135782575357L2 - 1)

The simulation error corresponding to the approximation formula
Esr = (L1 — 1)(G2 + |G2 — G3])(B2 + B3)(1 +2B> + 2B3 + 4|42 — §3])

where the functions S; and S; are defined in the appendix. @i
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Error Bound The Simulation Error

Simulation Error for Approximation Error

In the approximation error formula we consider the transformations

1—gns — 1-— arts + g(arts) = Urts
1= — 1—Gts+ Bis = s
1_'75 — 1_els+Bs:Us

the simulation error corresponding to the approximation error become

Esapp = (L3 — 1)§1U§ + (L3 — 1)(L2 — 1) (égugz aF 53u§3)
+ (L3 —1)(Lo = 1)(L1 — 1) (Faudp + Bsu3ps + Fouzzy + F7u333)

The total simulation error

Esim = L¢f + Esapp
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@ Simulation and Numerical Results
@ Simulation
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Simulation and Numerical Results EESHGTTELIT]

Simulation of s

To simulate g,ts we make use of known information using the recurrence

qrts = max{q(r—l)t57 qr(t—1)s; qrt(s—l)agsum(r —2,t—2,5s— 2)}

8sum(Cx, Cy, Cz) =P max Yishis < n
T cemA1<h<(cel)m+4l o0
cyma+1<ir<(c,+1)ma+1
czm+1<i3<(cz+1)m3+1

~ Qe
KK =]
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Simulation and Numerical Results Numerical Results
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@ Simulation and Numerical Results

@ Numerical Results
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Simulation and Numerical Results Numerical Results

Numerical Results for P(S < k)

Comparing with existing results:

Table 1: n=1,p=0.00005,m; =ms =m3 =5,L; =Ly = L3 =10,ITER = 4 x 10°

k 1@’(5 <k) Glaz et al. Our Approximation  Simulation Total
Product type  Approximation Error Error Error

1 0.906980 0.906970 0.905566 0.00863037 0.539903 0.548534

2 0.999540 0.999519 0.999469 0.00000008 0.028854 0.028854

Table 2: n=1,p=0.0001,my = my =m3 =5,L; = L, = L3 = 10, ITER = 4 x 10°

k  B(S<k) Glaz et al. Our Approximation  Simulation Total
Product type  Approximation Error Error Error
1 0.685780 0.680843 0.697293 0.24890871 1.684443 1.933352
2 0.996020 0.996203 0.996125 0.00000788 0.086019 0.086027
3 0.999990 0.999980 0.999888 0.00000001 0.001469 0.001469
mwcin"
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Simulation and Numerical Results Numerical Results

Numerical Results for P(S < k)

Scanning the same region R with windows of the same volume but
different sizes:
Table 3: n=1,p=0.0025,m; =4, my =4,m3 =4,L; =10, =10, L3 = 10,ITER = 107

k  B(S<k) Our Approximation  Simulation Total
Approximation Error Error Error
4 0.985580 0.98569657 0.00009120 0.10078854  0.10087973
5 0.999410 0.99957819 0.00000010 0.01878755  0.01878765
6  0.999990 0.99999510 0.00000001 0.00236660 0.00236660
Table 4:
n=1,p=0.0025m =8 m=4m3=21; =5 L, =10,L3 = 20, ITER = 4 x 10°
k I@’(S <k) Our Approximation  Simulation Total
Approximation Error Error Error
4 0.989160 0.98813583 0.00003107 0.17561572  0.17564680
5 0.999710 0.99975303 0.00000002 0.02850348  0.02850350
6  0.999990 0.99999975 0.00000000 0.00633269  0.00633269 Q\,\,ua',zv;“‘“"
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Numerical Results

Scanning the same region R with windows of the same volume but
different sizes:
Table 3: n=1,p=0.0025,m; =4, my =4,m3 =4,L; =10, =10, L3 = 10,ITER = 107

k  P(S<k) Our Approximation  Simulation Total
Approximation Error Error Error
4 0.985580 0.98569657 0.00009120 0.10078854 | 0.10087973
5 0.999410 0.99957819 0.00000010 0.01878755| 0.01878765
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Table 4:
n=1,p=0.0025m =8 m=4m3=21; =5 L, =10,L3 = 20, ITER = 4 x 10°
k H}(S <k) Our Approximation  Simulation Total
Approximation Error Error Error
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Simulation and Numerical Results Numerical Results

Numerical Results for P(S < k)

Binomial B(n, p) v.s. Poisson P(\)
Table 5: n=10,p =0.0025,my = my =m3 =4,1; = L, = L3 =20,ITER = 4 x 10°

k I@’(S <k) Our Approximation  Simulation Total
Approximation Error Error Error

11 0.961280 0.96875441 0.00022516 0.39557144  0.39579660

12 0.994650 0.99582741 0.00000437 0.14665738  0.14666175

13 0.999380 0.99976914 0.00000014 0.05806762  0.05806776

14 0.999940 0.99999820 0.00000001 0.00723765  0.00723765

Table 6: X =0.025,my =my =ms =4,L1 =L, = L3 =20,ITER = 4 x 10°

k  B(S<k) Our Approximation  Simulation Total
Approximation Error Error Error

11 0.959000 0.95570144 0.00026601 0.66780767 0.66807369

12 0.994625 0.99359316 0.00000362 0.23978257  0.23978618

13 0.999550 0.99854320 0.00000008 0.06594544  0.06594552

14 0.999975 0.99992800 0.00000001 0.00884761 0.00884762 e\’wﬁ.ﬁy‘mm
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k  B(S<k) Our Approximation  Simulation Total
Approximation Error Error Error
11 0.959000 0.95570144 0.00026601 0.66780767 | 0.66807369
12 0.994625 0.99359316 0.00000362 0.23978257 | 0.23978618
13 0.999550 0.99854320 0.00000008 0.06594544 | 0.06594552
14 0.999975 0.99992800 0.00000001 0.00884761 | 0.00884762
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Final Observations

@ Increasing the iterations number we can obtain better error bounds
@ The need of faster algorithms for simulation
@ The method works in the same fashion for any law of X

@ We prepare the continuous three dimensional scan statistic for a
Poisson process
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Selected Values for K(«) and I'(«)

o ‘ K(«) ‘ M«)

0.1 79.6678 | 1471.62
0.075 | 43.229 | 454.412
0.05 | 29.0284 | 245.873
0.025 | 21.5672 | 161.737
0.01 | 18.5949 | 132.618
0.005 | 17.765 | 124.924

0.0025 | 17.3749 | 121.373

Table 7: Selected values for K(«) and I'(«)
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How to compute K(«) and I'(«) 7

For € = 0.0001 and a < & — €, lets denote with t(«) the second largest
solution of the equation at® — t + 1 = 0 and define | = tr()® + €
e 210 He) () ot 1
1-a(t+o){ ey aamar )

For the formula expressing I'(«), define first

L(a) = 6(7+3a)+(1+2a+a®)P(a)

P(a) = 19+ 36a+27a% +270% +3(1 + a + 30?)?K(«)

+303(1 + o + 302)K?(a) + K3 (a).
and if we denote by n =1+ /o and
E(a) = °[L + a(n = D[L + 9+ 9% + an’(n = 3)][L + 7 + an(y — 2)]*
(1 —a?){(1 = an?)? — an?[L + 1 + an(n — 2)1}
MNa) =L(a) + E(a) Qe

4

K(a) =
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The Computation of the Approximation Error Coefficients

foas=1—-q3, a3 =1—qo3, 233 =1 — qo3a,

{ Ar(o,a,m) = T(a)+ mK(a)[14 3a?]
No(a,a,m) = 94T (a)a+ m[l+ K(a)a]

Denote by

Gy
Go
Gz
n
Y2
€1

€

Aj(as,a3,L3—1)
M

L3—
Aj(c23,a23,L2—1)

Lr—1 ?
A1 (o233,a233,L1—1)
[1—1 )

a3 + Dp(ag3, a3, Ly — 1)a3,,
o3 + A1(ansz, ass, L1 — 1)adss,
Gs 7[_22_1 + (1 + 0423)(1 + 203 + 2y2} ,

Gs ﬁ + (1 + 0(23)(1 + 2ai03 + 2)@)}
@ e

A. Amirioarei, C. Preda (INRIA) Approximation for 3D Scan Statistics SPSR 2012 30 / 42



The Computation of the Approximation Error Coefficients

a1

a

as

aa

as

a6

ar

Glu

2
G2 [(Oé3 ty)6+ o+ (L as)(l+ 20 +2y1)} :

L3

1
G2 [L 1 + (1 + a3)(1 + 203 +2)/1)] ;
5 —

2
o |arl =)+ 2 @) 2+ 2 =)
+Gzaz(aos + y2),

1
Gs(azs + y2)a3 + e [ — Ty 2y + 2072 — 73’)} :

L3

(L4 y1)(L+ 201 + 2l —m)] ,

2
1_
e [81( Y2+ y1)+ Iy —1

1
& [L3 a0 + (1 +y1)(1 + 251 + 2|72 — 73]) | -
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Defining the Functions S; and S,

If we denote with
g(x) = 196/ %7z
V(X7yazat) = 6(X—y)2—|-2+3‘2— t’
We define the functions S; and S, as follows:
Si(x,y,z,t,m) = 23+ mu(x,y,zt))(&(x) +&(y)) [g(x) + g(y)+
+2lx =yl +mu(x,y,z,t)(1 -y + g(y))+
+4g(x) + ()3 + Ix —y|) + &(2) + &(t)

Sa(x,y,u,v,m) = m(x+ |x —y[)(u+v)(1+2u+2v+4x —y[)+
+2u+v

Qi
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Coefficients of the Simulation Error (Esspp)

51 = 617
2
a» = G |:(Oé3 +y1)G1 aF [ 1 +(1 +a3)(1 + 203 +2y1):| ,
3 —
1
a3 = G |:L 1+(1+Ck3)(1—|—20¢3—|—2y1):|,
3 —
_ 2
B = (et b D )20 42l - )

+Gzaz(ao3 + y2),

_ 1

a = G3(Oé23 +y2)a3 + e |:L3 1 -+ (1 +y1)(1 +2y1 + 2|U2 — U3|):| ,
_ 2

% = e [al(uQ +y1) + -1 +(1+y1)(1+2y1+2IU2—U3!)} ;

_ 1

T = & [Ls_l+(1+y1)(1—|—2y1—|—2\u2—U3)].
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